A One-Dimensional (One-D) numerical model to calculate transient temperature distributions in a liquid-piston compressor with porous inserts is presented. The liquid-piston compressor is used for Compressed Air Energy Storage (CAES), and the inserted porous media serve the purpose of reducing temperature rise during compression. The One-D model considers heat transfer by convection in both the fluids (gas and liquid) and convective heat exchange with the solid. The Volume of Fluid (VOF) method is used in the model to deal with the moving liquid-gas interface. Solutions of the One-D model are validated against full CFD solutions of the same problem but within a two-dimensional computation domain, and against another study given in the literature.
INTRODUCTION
Liquid-piston gas compressors with porous inserts can be used for Compressed Air Energy Storage (CAES). In power-producing systems, the CAES approach is used in order to overcome the mismatch between power demand and power generation, [1] and [2] , by storage and discharge. During low power demand periods, excess power is used to compress air and the compressed air is stored in a vessel. During high power demand periods, the compressed air is expanded to output work. An important characteristic of efficient and effective CAES operation is near-isothermal compression, as discussed in [2] - [6] . The main reason for this is that compression typically results in a temperature rise of the air and the extra thermal energy due to the temperature rise is wasted during the storage period as the compressed air cools to the ambient temperature. Therefore, in order to reduce temperature rise during compression, porous media, which have large surface areas per volume, are inserted into the liquid-piston gas compressor. The term "liquid-piston" implies that the compression of the gas is done with a rising liquid-gas interface created by pumping liquid into the lower section of the compression chamber. A previous study has shown that liquid-piston has an advantage over traditional solid piston in terms of power consumption [7] . Another advantage of the liquid piston is that it does not compromise volume compression ratio, as the liquid can flow through the porous media and can be effectively cooled by the media.
The present study develops a one-dimensional (One-D) numerical model for the liquid-piston compressor with porous inserts. Although higher-dimensional CFD studies on related subjects have already been done and they can resolve in detail the flow fields [8] - [12] , the One-D numerical model is far less computationally expensive, and is therefore easier to utilize in the optimization analysis.
In the past, many studies have been done to investigate simplified numerical models for regenerative heat exchangers that operate in cycles. Each cycle consists of a cooling phase and a heating phase. In the present study, the porous inserts play the same role as regenerative heat exchangers when the exchangers are operating in the cooling phase to cool the fluid. An early simplified model of regenerative heat exchangers couples the spatial advection of fluid energy with the transient storage of energy in the solid, and solves the equations [13] . By using superposition methods, the solution is extended to solve various thermal entry problems [14] . Regenerative heat exchanger analysis in a system that uses by-pass flow to control the outlet gas temperature was solved in [15] and [16] . Optimization was introduced to maximize thermal efficiency of the heating phase of a regenerative heat exchanger [17] . Effects of residual gas from the previous cycle in the exchangers are modeled in [18] . Two bulk average heat transfer coefficients, one being linearly proportional to the gas flow rate, and the other being linearly proportional to the surface heat transfer coefficient, are analyzed and compared in [19] . Improved numerical method to solve the same equations employing Richardson extrapolation was introduced in [20] . The modeling to include the transient change of gas temperature was introduced in [21] - [23] . The model is further improved by including thermal conduction in the solid in the direction parallel to the flow [24] .
Compared to the present study, the major differences of the flow situations in the aforementioned literature [13] - [24] are: (1) the air is not compressed to high pressure ratio in the exchangers, and (2) there is no moving liquid-air interface in the exchangers. A one-energy-equation, zero-dimensional (Zero-D) model for compression of air in a long, thin channel has been proposed for modeling compression [25] . This model was further developed into a two-energy-equation, Zero-D model to simulate liquid-piston compression in a chamber filled with interrupted-plate heat exchangers, for solution of the transient temperatures of both the fluid and solid of the exchanger [26] . Yet, in [25] and [26] , the numerical models are not capable of calculating transient spatial distributions of temperature since they are Zero-D models.
In order to model the liquid-piston compression in a one-dimensional fashion, the Volume of Fluid (VOF) method [27] is used. The VOF method tracks bulk locations of liquid and gas by solving volume fraction scalar fields. This concept is used in the One-D model in the present study to handle the moving liquid-air interface (liquid-piston surface).
THE ONE-D NUMERICAL MODEL

Governing Equations
The compression process in a liquid piston air compressor is formulated considering time variations and spatial variations in the chamber axial direction. A schematic of the compressor is shown in Fig. 1 . Water is pumped into a chamber filled with porous inserts to compress the air. At the beginning of the compression process, the water-air interface starts at the bottom of the chamber. The spatial-average of the inlet water velocity has a constant value of 0 . Since water is incompressible, it is assumed that the water-air interface also moves at velocity 0 . The water-air interface position at any time during compression is,
The velocity of air is assumed to be linearly distributed along the axis, matching the water (interface) velocity at the water-air interface, and zero at the top cap. The velocity field of air and water are given by,
Using the VOF method, volume fractions of air and water are defined. The volume fraction is a scalar function that gives the fraction of volume occupied by a single phase at a location. The sum of volume fractions of the two phases at any location equals 1.
where subscripts 1 and 2 refer to the air and water phase, respectively. The volume fraction values track bulk locations of the water and air phases. Velocity fields and temperature fields are shared by the two phases. The continuity equation for air is,
Since water is incompressible, the continuity equation of water gives,
The energy transport in the fluid mixture, which is made up of immiscible water and air, is governed by,
where, When solving Eq. (6), the pressure in the work terms can be substituted by temperature and air density using the ideal gas law,
The energy transport in the solid is given by,
Equations (4), (5), (6) , and (10) are the governing equations of fluid flow in a liquid-piston air compressor with porous inserts. The boundary conditions are:
The isothermal temperature condition on the wall ( = ) is used in the numerical model. The main reason for this is that: (1) in applications, the compressor wall is usually made of metal, which has much larger thermal capacity and density than air, and thus the wall would require much more heat absorption to increase its temperature than air would, and (2) the compression time is usually in just seconds, which is too short a time period for the compressor wall to heat up. The energy equations of the fluid and solid are coupled through interfacial heat transfer. Kamiuto and Yee proposed a heat transfer correlation for porous media [28] , which gives a 40% uncertainty compared to sixteen sets of experimental data on different porous media. The correlation is further converted to be based on the length scale pore size by [29] , which is then used in [12] for a metal foam of 93% porosity. The correlation is given by,
Parameter is a characteristic length based on the pore structure of the porous medium. It is 3.61mm in the present study. It is assumed that the heat transfer between air and solid and the heat transfer between water and solid follow the same dimensionless heat transfer correlation. The fluid mixture density, viscosity and Prandtl number are given by,
(15)
Numerical Method
Equations (4), (5), (6), and (10) are solved by a finite difference method. The continuity equations for water and air are discretized using an explicit upwind method. They are given by:
Because of the advection term in the transport of fluid energy equation, it is discretized using an explicit scheme, with upwind differencing on the advection term and central differencing on the diffusion term.
The energy transport in the solid is governed by diffusion. Thus the solid energy equation is discretized using an implicit scheme, with central differencing in space. It is given by
where,
Let the computational domain be discretized by number of nodes; 0 denotes the node at = 0, and − 1 denotes the node at = . Equation (21) is written in matrix form for all the nodes in the computational domain:
Using the Thomas algorithm, the matrix on the LHS of Eq. (26) is converted into an upper diagonal matrix. Then the temperature values are solved by back substitution, starting from node − 2 and moving toward node 1.
Solution and Validation
A compression problem in a liquid-piston compressor with porous inserts is solved. The dimension of the compression domain, compression speed, and physical properties are given in Table 1 . The thermal conductivity of air is obtained by fitting the conductivity data (from [30] ). The total compression time is 2.6 seconds. Water starts entering the compressor from the bottom of the chamber ( = 0). The chamber is occupied by a porous insert having an interfacial heat transfer correlation with surrounding fluid that follows Eq. (14) . The computation is run on a mesh with 3500 axial nodes and over 30,000 time steps (∆ = 8.667 × 10 The velocity field and the calculated volume fraction distribution of air at different times during compression are shown in Fig. 2 . The one-dimensional VOF method can capture movement of the liquid-gas interface. In Fig. 2 (b) , the part of the curve with 1 = 0 represents the instantaneous location of water, and the part of the curve with 1 = 1 represents the instantaneous location of air. The water-air interface lies in the transition region from 1 = 0 to 1 = 1.
The calculated temperature distributions of the fluid and solid are shown in Fig. 3 . The water temperature during compression is maintained constant. Part of the input work during compression of air is converted into the air internal energy, causing the air temperature to rise. Since the air flow is almost stagnant in the region very close to the top cap, the heat transfer mode is mainly conduction in the near-cap region. The increase in the air internal energy due to compression is much larger than the amount of heat being transported from the air, because of low velocities of the air in that region and small thermal conductivity of air. Thus, the local air temperature is highest in the near-cap region. Meanwhile, since the top cap is isothermal, this creates a large local temperature gradient in the air. The solid heat-up is considerably less than that of the air. The part of the matrix that is solid submerged in water is being cooled effectively, and, thus, is maintained at the initial temperature. The maximum rise of the local temperature of solid is near the axial middle region of that solid portion of the matrix that is in contact with the air. It is maximum at the end of compression. For validation purposes, solutions of a two-dimensional (Two-D), axisymmetric CFD simulation of a liquid-piston compressor fully occupied by porous inserts are taken from [12] and compared to the One-D solutions of the present study. The two compression problems being solved are identical. The radius of the chamber is 0.0254m in [12] . The radius is not of concern to the present, One-D computation. 
mostly stagnant in that region, and the increase in the internal energy added due to compression work is much greater than the energy being conducted away to the solid phase in that region. The solid temperature distributions calculated from the One-D and Two-D solutions are shown in Fig. 6 . Comparing the One-D solid temperature distribution and the centerline temperature distribution from the Two-D solution, one sees that the maximum local temperature difference is less than 4K. This is due to a lack of radial conduction in the One-D problem.
Although this difference appears large in the scaled plot, the overall shape of the One-D solid temperature curve correctly represents the same feature of the solid temperature distribution from the Two-D solution. 
OPTIMIZATION USING THE ONE-D MODEL
Optimization Objective and Constraints
An optimization problem now being addressed by using the One-D model developed in the previous section is of the distribution of porosity inside the chamber. As mentioned earlier, the purpose of inserting porous media in the compressor is to reduce temperature rise during compression. From the heat transfer point of view, a larger percentage of solid material, which indicates lower porosity, leads to less temperature rise of air. If the temperature rise could be minimized, less compression work would be needed to maintain the air pressure at the storage pressure as the compressed air cools to the ambient temperature. If isothermal compression could be achieved, no additional pressure work would be needed for there would be no cool-down. On the other hand, a larger percentage of solid material also increases flow drag due to the liquid and air moving through the porous material, which potentially requires more compression work to overcome. Thus, the optimization goal is to find the porosity distribution for the porous media that minimizes the work input. The porosity value in this problem is bound by the values [0.7, 0.96].
A major constraint to the optimization problem is the fixed power density. Based on the previous work in [5] , [6] and [26] , the power density is the storage energy per unit volume divided by the compression time. The storage energy is the amount of work output as the compressed air undergoes an isothermal expansion process. Therefore, the power density is given by:
In the optimization problem, the power density is fixed by fixing the compression time and the pressure compression ratio. As the porosity distribution is gradually updated during optimization, the compression speed also needs to be updated accordingly to meet the requirement of fixed compression time and fixed final pressure compression ratio. The compression work during compression from = 0 to = is given by
This is the objective function that must be minimized. The compression work is done to pump the liquid piston against the thermodynamic pressure of air, , and the flow resistance of the porous insert, r . The instantaneous thermodynamic pressure of the air in the chamber is given by,
The instantaneous air volume fraction and fluid temperature are variables that can be obtained by solving the One-D model. A general formulation of the flow resistance due to the porous medium is based on Darcian and Forchheimer terms:
Note that in this problem the VOF method is used, and and are the fluid mixture properties given by Eqns. (15) and (16) . A measurement taken in [12] showed that the following parameters of Eq. , multiplied to the Darcian velocity squared in the Forchheimer resistance term [31] . Therefore, considering Ergun's equation and the resistance parameters obtained in [12] , the following equation will be used to account for the effect of porosity on flow resistance,
where, ̃= 1. 60 × 10 −9 2 , ̃= 6 0. After compression, the compressed air cools to the initial temperature; cooling work is done to decrease its volume while maintaining its pressure. This cooling work has been addressed in [5] , [6] and [26] . It is given by:
In sum, the objective of optimization is to minimize the total work input, which is the sum of compression work and cooling work:
subject to,
The pressure, temperature, and volume fraction are obtained by solving the One-D model.
Optimization Method
The optimization method features an iterative procedure that involves evaluating the sensitivity of local change of ( ) and optimizing ( ) accordingly. First, an initial porosity distribution, ( ) [ 
sensitivity, which is the partial derivative of compression work with respect to local porosity, is evaluated at each optimization node according to:
where subscripts
and [ ] represent local node index and iteration step, respectively. The work in is evaluated based on the current porosity distribution, ( ) , obtained after the previous optimization round. The term in, * is evaluated based on the porosity distribution, * ( ), which has a small change, Δϵ, at location :
where is the total number of optimization nodes along the axis of the chamber. Evaluating the sensitivity at each node requires solving the One-D model based on the porosity distribution, * ( ). After calculations of sensitivity values at all nodes are completed, the porosity distribution is updated in the direction that decreases the compression work based on the local sensitivity values. Since larger local sensitivity values indicate larger gains when optimizing the local porosity, the optimization scheme increases or decreases the local porosity values by an amount proportional to the local sensitivity value. The local porosity values are updated based on:
where is a parameter to control the convergence rate of optimization.
Because the compression time is fixed, as the porosity distribution is updated, the final pressure ratio would be different if the same compression speed were used. Therefore the compression speed must be updated to maintain the same pressure compression ratio. The objective of updating the compression speed is to minimize the pressure ratio error:
The sensitivity of the compression speed to the pressure ratio error is calculated by:
where * is the solution obtained for the compression speed: 0 + 0 . The compression speed is then updated based on its sensitivity:
The aforementioned calculations are performed repeatedly until a final and optimum ( ) is found.
Optimization Solution
An optimization problem is solved to find an optimal porosity distribution, ( ) , that minimizes the compression work, in , for a given compression time and liquid piston speed. The porosity value is bound by [0.7, 0.96]. The chamber length and compression speed are given in Table 1 . The same initial conditions and physical properties as in the problem in Section 2 are used here. The compression time is 2.6s. The final compression ratio is fixed at 12.94, and the power density is 6 ,020 3 (storage energy density: 166, 3 ). The initial porosity distribution is 0.93 throughout the chamber. Since One-D modeling does not include radial direction effects, the result on the work input is given on a "per volume" basis. The domain is discretized into 50 optimization nodes ( = 0) and 3500 computation nodes ( = 00) for the One-D model. The time step size for solving the One-D model is ∆ = 2.167 × 10 −5 . The optimization parameter, , increases with iteration step to accelerate the convergence speed for the first five optimization steps, and is maintained at a relatively small value for the sixth optimization step:
where is the optimization step. The optimization procedure starts with = 0. After three optimization rounds, at step = , the solution is considered to be optimal and further optimization would result in a change of less than 1 3 of work input, in . The work input values at every optimization step are shown in Fig. 7 (a) . The initial work input is 18 ,22 3 . After optimization, the work input is 182,09 3 . The initial compression speed is 0.10 0 . The compression speed for the optimal porosity distribution is 0.10 1 . The efficiency, which is the storage energy divided by the work input, is improved from 90.79% to 91.41% by optimization.
The porosity distributions at different optimization steps are shown in Fig. 7 (b) . The optimal porosity distribution, which is obtained at step 3, features high porosity values in approximately the first half of the chamber, low porosity values in a region close to the top cap, and a smooth transition region between the two regions. The physical reason for this optimization result is that high porosity values in the lower region of the chamber can more effectively reduce the pressure drag of the porous inserts, while low porosity values in the upper region can more effectively enhance heat transfer.
The sensitivity curves at different optimization steps are shown in Fig. 7 (c) . Note that the work input sensitivity is based on the absolute work value for on a unity radius of the air volume. In general, the sensitivity becomes smaller as optimization proceeds. By comparing the sensitivity curve to the porosity distribution at step 3, one sees that optimal solution is achieved at step 3. The local sensitivity values in the large-porosity region are negative, meaning that further optimization in this region is possible only if the porosity values are allowed to be increased beyond the upper bound. The local sensitivity values in the upper, low-porosity region are positive, meaning that further optimization in this region is possible only if the porosity values were allowed to be decreased below the lower bound. In the transition region between the high and low porosity regions, the local sensitivity values are almost all zero, meaning that optimal values have already been achieved in this region. The optimal porosity distribution is shown in Fig. 8 . The porosity distribution in the transition region between the high and low porosity regions is fit into a polynomial. In summary, the optimal porosity distribution for this problem is: An optimization problem is solved using the One-D model. The objective is to find an optimal distribution of porosity along the chamber axis to minimize compression work for a given compression time and final pressure ratio. The optimization method calculates local sensitivity values, and optimizes accordingly, in an iterative manner. The optimization results show that high-porosity medium is favored in the lower part of the chamber to reduce drag, while low-porosity medium is favored in a region next to the top cap of the chamber to enhance heat transfer, and a transition region between the high and low porosity values has a porosity distribution following a polynomial curve.
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